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ON THE STABILITY AND CONVERGENCE OF HIGHER-ORDER
MIXED FINITE ELEMENT METHODS FOR
SECOND-ORDER ELLIPTIC PROBLEMS

MANIL SURI

ABSTRACT. We investigate the use of higher-order mixed methods for second-
order elliptic problems by establishing refined stability and convergence esti-
mates which take into account both the mesh size # and polynomial degree p .
Our estimates yield asymptotic convergence rates for the p- and & — p-versions
of the finite element method. They also describe more accurately than pre-
viously proved estimates the increased rate of convergence expected when the
h-version is used with higher-order polynomials. For our analysis, we choose the
Raviart-Thomas and the Brezzi-Douglas-Marini elements and establish optimal
rates of convergence in both 4 and p (up to arbitrary ¢ > 0).

1. INTRODUCTION

There have been several variational mixed formulations proposed for the so-
lution of second-order elliptic problems like the Poisson equation. One such
formulation involves writing the equation as a first-order system with both the
displacement and velocity as unknowns. The Raviart-Thomas (RT) elements
introduced in [14] provide a finite element discretization for this mixed varia-
tional principle and have been defined for arbitrary polynomial degree p . These
elements, which are particularly useful when the velocity is the main physical
quantity of interest, have received much attention in the literature (see, e.g.,
[12] and the references contained therein). All analysis carried out so far in
connection with these elements concentrates on the A-version of the finite ele-
ment method, where a fixed low degree p of elements is used (usually p = 1
or 2) and accuracy is achieved by decreasing the mesh size 4. Another class
of elements for the same problem, the Brezzi-Douglas-Marini (BDM) elements
(employing fewer degrees of freedom), was introduced in [9]. Like the RT el-
ements, these, too, have been analyzed in the context of keeping p fixed and
decreasing 4. The error estimates that follow from such analysis usually yield
a rate of convergence for the relative error bounded by a term of the form Ch’,
where C is a constant independent of 2 but not p, and y depends upon p
and the smoothness of the solution.

Received October 11, 1988.

1980 Mathematics Subject Classification (1985 Revision). Primary 65N15, 65N30.

Research partially supported by the Air Force Office of Scientific Research, Air Force Systems
Command, USAF, under Grant No. AFOSR-85-0322.

This work was completed while the author was a visitor at Institut National de Recherche en
Informatique et en Automatique (INRIA), Domaine de Voluceau, Rocquencourt, France.

© 1990 American Mathematical Society
0025-5718/90 $1.00 + $.25 per page



2 MANIL SURI

In recent times, there has been a large amount of interest shown in the use
of the A-version with higher-order elements (p > 3) because of the possible
advantages of such elements over lower-order elements. For example, in [4],
several methods have been tested for the rhombic (Kirchhoff) plate problem, and
one of the conclusions reached is that higher-order elements are more efficient
and more robust than lower-order elements. In [15], it was shown that in the
elasticity problem the locking effect (for v = 0.5) is completely eliminated
when p > 4. Other advantages of higher-order elements have been discussed
in [2].

Usual estimates of the form Ch’ do not fully reflect the increase in order of
convergence that may be expected when higher-order elements are used. This is
because when p is increased, in addition to the exponent of /4 being increased,
the constant C, which depends on p, also decreases. Consequently, more
carefully derived estimates are needed, with the exact dependence of C on p
being investigated.

The use of higher-order elements and the dependence of C on p are also im-
portant in the context of the p- and A-p versions of the finite element method.
In the p-version, a fixed mesh with constant 4 is used and accuracy is in-
creased solely by increasing p . In the h-p version, both 4 and p are changed.
Basic approximation results for these methods first appeared in 1981 (in [8]
and [3], respectively). Since then, they have become quite popular, owing to
much higher rates of convergence than that possible with the A-version. These
methods have been implemented for two-dimensional problems in the industrial
code PROBE (Noetic Technologies, St. Louis). A survey of their theoretical and
computational properties may be found in [1].

From the above discussion, it is clear that several finite element methods that
have been analyzed in the context of the A-version (with estimates of the form
Ch’ ) would profit from further analysis, determining exactly how this behavior
changes when p is increased. In this paper, we are interested in carrying out
this analysis for some mixed methods, for which convergence depends upon two
factors—the stability of the subspaces used and their approximation properties.
Our goal is to investigate the rectangular RT and BDM elements and specifically
answer the following two questions.

First, we determine how the stability constants for these spaces behave when
p isincreased. This is necessary to find out whether the p- and the A-p versions
would be stable if these methods are used.

Second, we establish rates of convergence for these methods which are uni-
form in both 4 and p (with the constant C being independent of both # and
p). This gives a more complete picture for the convergence of the A-version
with high p and also establishes rates of convergence for the p- and h-p ver-
sions.

We mention another reference [11] where the p-version of a mixed method
(for Stokes’ flow) has been analyzed. The problem considered there is Stokes’
flow, whereas here we consider the Poisson equation. In that paper, it was found
that the methods proposed had stability constants which, in general, behaved
like p~" as p increased (with 1 < o < 3 for a family of elements analyzed
in detail). Consequently, the error estimates that follow for the pressure are
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nonoptimal in p. In contrast, we show that for the RT elements, the stability
constant is independent of p (as well as /), while for BDM, the dependence
is not worse than p~°, ¢ arbitrarily small. In §4 we show how this leads to
optimal error estimates in both # and p (up to arbitrary ¢ > 0 for p) for both
the velocity and the displacement.

2. PRELIMINARY RESULTS

Let Q be a bounded convex polygonal domain, Q C R?, with boundary I'.
We consider the model elliptic second-order problem,

(2.1) —Au=f inQ, u=0 onl.

To formulate our mixed method, we introduce the gradient of u as a new
variable ¢ to obtain

(2.2) —dive = f, o=gradu in Q, u=0 onT.

An equivalent variational formulation of (2.2) is then obtained by defining the
spaces

V =L,Q), S=H(div, Q)={tre (Lz(Q))Z; divt e L,(Q)}
and finding (u, g) € V x S satisfying

(2.3) (0, 0)g+ @, dive)y =0 Vres,
(2.4) (dive,v)q+ (f,v)g=0 YveV,

where (-, ) denotes the usual (L,(Q))" (n = 1, 2) inner products. The
boundary condition is built into equation (2.3). We will use ||-||,, and ||-||¢ to
denote the L,(Q) and H(div, Q) norms, respectively. Moreover, |-|, , and
[[-1l, o will be used to denote the seminorm and norm on (H'(Q))", n=1,2
for any region Q.

(2.3)-(2.4) may be discretized by choosing a pair of finite-dimensional sub-
spaces V,, C V', Sy C S and finding (u, , gy) € Vy x S such that

(2.5) (Ons Tyt (uy,divey), =0 Vi, eS8,
(2.6) (divay, vy)g + (f, vy)q=0 Yo, €V, .

(2.5)-(2.6) will only have a solution when certain compatibility conditions, de-
scribed later, between V,, and S, are satisfied.

We assume that there is a family {V, xS} of such spaces, with N being a
parameter related to the dimensions of V), S, . The finite element spaces to be
considered consist of piecewise polynomial spaces defined on grids on Q with
mesh size 4. N will depend on both 4 and the polynomial degree p used, so
that N = N(hy, py). In order to increase accuracy, one employs an extension
procedure, by which pairs of spaces (V) , S) with increasing dimension N are
selected. In the usual extension procedure, the degree of polynomials is kept
fixed while 4, is decreased. We will be interested in analyzing the combined
effect of changing both 4, and p, , either together or separately. We will
require the following theorem (see [14]).
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Theorem 2.1. Let {V,, S,} be a family of spaces such that:
(1) Forany t, €S,

(2.7) (vy,divty)g=0 VYo, eV, =divr, =0.
(2) There exists a = a(N) > 0 such that for any v, €V,

(2.8) sup Wy, divey)g

= a(N)|vylly -
TNESy tylls ' S

Then the problem (2.5)-(2.6) has a unique solution, and there exists a constant
C > 0 independent of N such that

C
(2.9) lonlls + luylly < m{llallsﬂlully},

C . .
) — - < — - - )
210) Yo = oyl + lu syl < = { inf o =l + inf fu—vil, }

Let us now define the RT spaces (denoted by {V,\', , S}\,} ) and the BDM spaces
({VAZ, , S,z\,}) . Like in [11], our analysis will be restricted to the case of parallel-
ogram elements. Let Q denote the standard square, [-1, 1] x [-1, 1]. For
Q cR' or R?, P,(Q) will denote the set of all polynomials on Q of total
degree < k. When Q= Q, we willuse P, todenote P, (Q). By P, , ,we will
denote the set of polynomials on Q with degree </ in ¢ and degree < m in
n. Then we define

2.11) VD) =P
(2.12) S0(Q) = Py kX P ks
(2.13) VAQ =P,

(2.14)  SXQ) = (P, x P)@span{(&*", =" n)", &n", -7,

Note that P, x P, C $,(Q), i=1,2.

Now let {T,} be a quasi-uniform family of meshes on Q consisting of
parallelograms K. /., p, will denote the diameters of K and of the largest
circle that can be inscribed in K, respectively. Let 4, = max KeT, hy . We

assume there exist constants C,, C, independent of hy such that for all K €
T,,foral N,

h h
(2.15) h—NSCl, —K§C2.
K Pk
Further, we assume that each pair K, K, € T), has either an entire side or a
vertex in common, or has empty intersection.
For K € Ty, let F;, be the affine invertible mapping such that K =F(Q),

(2.16) (x, ) =Fe((&, n) = B, m)" +b,,
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where B, is a 2 x 2 matrix. With any scalar function ¢ defined on Q (or
0Q) we associate the function v defined on K (or 8K ) by

(2.17) v=00F;  (0=voFy).

For vector-valued functions, the correspondence between 7 defined on Q and
7 defined on K is given by

(2.18) r=71—BKfoF,;' (= JyBg 1o Fy),
K

where Ji = det(By). The one-to-one correspondences ¥ <> v and % « 7 will
be understood in the sequel.
The following lemmas follow from Lemmas 2 and 3, respectively, of [14].

Lemma 2.1. For any function % € (HI(Q))Z,

(2.19) (divi, §), = (divt, ¢), Ve Ly(Q),
(2.20) / %~17¢3d5=/ t-vpds Ve L,(9Q).
80 0K
Lemma 2.2. For any integer [ >0,
(2.21) %), o < Chiltl; 4
-1 .
(2.22) |71, x < Chy |T|1’Q,

where the constant C depends on | but is independent of t, hy .

(We have used condition (2.15) in (2.21)—-(2.22).)
With K, we now associate the spaces (i =1, 2)

(2.23) SiK)={t: K= R, €S, (Q)},
(2.24) VIK)={v: K =R, oeV(Q)}.
Then, we set, for i=1, 2,

(2.25) Sy={tes, 1, GS;N(K) VKeT,}CS,
(2.26) Vy={veV, v|KeVp'N(K) VKeTy cV.

Note that the inclusion S,’;, C S is equivalent to the condition that the normal
component of 7 along any K must be continuous.

Since the spaces V,f, consist of piecewise polynomials on regular quasi-uni-
form meshes, the following inverse inequality will be true:
Lemma 2.3. There exists an ¢, > 0 such that for v, € V,f, and 0 <& <g,,

—&_ 2¢
loyll,, o < Chy Py llvnlly o>

where C is a constant independent of hy, py and v, .

Proof. The proof follows easily from the separate inverse inequalities in terms
of hy (see[10]) and in terms of p, (see[8]). O
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It is easy to see that the above spaces satisfy
(2.27) div(Sy) c V!

so that condition (2.7) of Theorem 2.1 is automatically satisfied. Moreover, it
has been shown in [14, 9] that (2.8) is satisfied with «(N) > 0 independent of
h, (but depending possibly on p, ). In order to get our desired convergence
rate, we must now estimate a(/N) in terms of both 4, and p, and also estimate
the approximation properties of our spaces, to be used in (2.9)-(2.10). Our
analysis will be facilitated by families of projections

My:S—S, and Py:V—Vy

defined for i =1 in[14] and i = 2 in [9] such that the following commutative
property holds:

(2.28) dive I}, = P} odiv.
We now describe the above projections, which are constructed locally on each
KeT,. P,’V will simply be the L, projection satisfying
i 1
(2.29) (v=Pyv,wy) =0 VwNeVpN(K), KeT,.

The following theorem follows from the approximation theory of the A-p ver-
sion.

Theorem 2.2. Let P,’;,: V — V,f, be defined piecewise over each K € T, by
(2.29). Then forany ve H'(Q), r>0,

(2.30) lv = Pyolly, < Chiypy Il g

where p, = min(p, + 1,r) and p, = min(p, , r) and where C is a constant
independent of h,, py and v.

Proof. Since P;\, is the L, projection, we known that over each K,

(2.31) v = Pyvlly x <C inf o —wlly , < ChypyIIvll, x
weVp‘N(K

by Lemma 4.5 of [5]. (2.30) follows by squaring and summing (2.31) over all

KeT,. O

Remark 2.1. The powers u,, u, are different in view of the fact that the poly-

nomials used to define sz,v (Q) are of one degree less than those for VplN(Q) .
Now let 7 be a function in S. The projections IT)7 are defined locally over

each K in terms of a projection H;N% on the standard square Q (where %

satisfies (2.18)). Let for k > 1,

1 2
(2.32) My =Py o %P j_ys M, =P_,xP_,,

where M. 12 is understood to be empty. Then II’ 7 is defined by the conditions

(2.33) I] -1),w),=0 forall w € M ,

(2.34) /(l'l T-1%)-00ds=0 foralldePp, (1)
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where (2.34) holds for any side / of Q and 7 is the outer normal to 8Q. The
unisolvence of (2.33), (2.34) has been established in [14, 9]. Note that (2.11),

(2.13), (2.32) imply that grad(V,(Q)) C M, and also that ¢ € ¥;/(Q) implies
9|, € P,(/). Hence, for any ¢ € Vp’N(Q) , we obtain by (2.33), (2.34) that
(2.35) (div(IT, - 1), 8), = Lg(ni t—%)-0ods— (n;N% ~ %, grad ), =0.

Py
We now define I'Ijvr on Q such that

(2.36) (M)l =11, %.

N

Then the following holds.

Theorem'2.3. For 1 € S, let I'I;\,‘c be defined by (2.33), (2.34), (2.36). Then
H;Vr € S\ and is uniquely defined. Moreover,

(2.37) Miyt=1 forallteSy,

(2.38) (div(Ilyt — 1), v)y =0 forallveVy .

Proof. Using (2.35) together with (2.19), and summing over K € T, , gives
(2.38). Moreover, by (2.20) and (2.34), I'I'Nr v is continuous for any / in the

triangulation, so that I'Ij\,z € S,’V . Finally, (2.37) follows from the unisolvence
of (2.33)-(2.34). O

Note that (2.38) implies (2.28). In the next section, we derive error estimates
for ||ITy7 — 7||5 that are uniform in both A, and p, .

3. ERROR ESTIMATES FOR THE PROJECTIONS IT),
Let I =[-1, +1]. Then {Lj(é)} , J=0,1,..., will denote the Legendre
polynomials on I which are orthogonal in the following sense:

+ 2 o .
3.1) /—1 L (&)L, (&) d¢ = 1 if j=k, = 0 otherwise.

For any 7€ L,(Q), where Q is the standard square I x I, we may expand
T as

(3.2) t=)_ > a,L(L

7=0 1=0

Then we have, using the orthogonality properties of {L : (&)} and their deriva-
tives (see [7]),
2

(3.3) Ilrllﬁ,g=//gfzdfd"=zzm

Jj=0 i=0
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2 % NP N
oz ¥ [fa-era-n)

G4 o ay,(1+ i+ %)
2CY > T

3.1. The Raviart-Thomas elements. Let 7 = (7, 7,) € H(div, Q). Then, for
the RT elements, the projection l'I,lc defined in (2.33)-(2.34) may be written as
Hkr = (‘r1 , 12) €s, (Q) , where

2
as+t
<———a€a;’) d¢dn

(3.5) //Q (& —r)e@tmdedn =0,  $eP_ D), eP),

(3.6) //Q (5 )eE L dedn =0,  $ePI), LeP_ (),
+1

(3.7) /_l(f'f—f.)(il,n)C(n)dn=0, e PD),

+1
(3.8) / (o n)E D=0, bR D).

We are interested in estimating |7 — H,'(fllo o- Since 7, € L,(Q), we may
assume it has the expansion (3.2). Moreover, the polynomial r’l‘ € P, , may
be expanded as

k  k+1

(3.9) =D b Li&L;(n

j=0 i=0

Let us calculate the coefficients b, ;- We first use the fact that the Legendre
polynomials form an orthogonal basis for P, , ~with respect to the L,(Q) inner

product. Taking ¢(&) = L,($), {(n) = Lj(n)’ in (3.5) yields

(3.10) b,=a;, 0<i<k-1,0<j<k.
To calculate b, ; and bryy, ;» we use the boundary conditions (3.7). First,
on the side & = -1, taking {(n) = L,(n), 0< [ <k, gives

+1 k  k+1
/ (ZZ%, 1L, n)) () dr

Jj=0 i=0

/ (ZZ% (=1L, n)) L(n)dn

j=0 i=0

Since L. (-1)= (—l)i , this yields (using (3.1) and (3.10)),
1

(e —k
b = bsr =Za,.,(—1)’ , 0<I<k.
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Similarly, the condition at & = +1 gives

o0
bk1+bk+1,z=Za,1, 0</<k,
i—k
so that

o) (e}
" !
(3.11) b= "t b1 =2 Wig
i=0 i=0

where " stands for summation over even integers and 3.’ over odd.
We will now use (3.9)-(3.11) to estimate ||z, — t’fl]O’Q . By (3.3) we have

o0 [ee) 2 _
Iz, — .L.kn(z) Z Z 4(a ey -0y b)) (where b, =0
10,0 — j=0 i=0 2i+1)(2j+1) forj>kori>k+1)
k k 1 k+1 o (a _b )2
- + R lay=by)
(g /= +1) Z ;) 2i+1)(2j+1)
(3.12) o0

'J
2]+1)

Jj=0 i=k+2  j=k+!1 i=k+2

(]

|

Now for r >0,

]

j=0
(!
2

4 Z Z TESTED)

~.

Msi’

k

—

w..
Il
(=}

+1 i

Jj=k+1 i=k+2
2 .2 N
(T+i"+j9)
<4
(3.13) ,;l,gz IRV ETE D(1+k+ k)

0o oo 42 ; A
<£ Ea,.j(l+z+j)
Sk & Qi DRI+ )

i=

2
< ﬁ”ﬁ”,,g,
using (3.4). Similarly,

PP D a1+
42 <4y % ol
(3.14) =0 ik i DR+ = CIERVETERY (1+ )
S k—zr'nr1‘|r,g .
The term

2

4 Z Z(21+1 Y27+ 1)

Jj=k+1 i=0
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is similarly bounded. We now bound the first term. Let i = k. Then, using
(3.11), we have

00 2 oo I 2
A= 42 akj ) <4 (Zz =2 ak+t j .
= (2k +1 21+ )~ = 2k + 1)(2j+ 1)

Now for r, > 1/2,

2
o0// < 2 2 1 .2 2\, 2 1 .2 2\ -1
Zak+i,1 hS Zaij( +i+J7) Z(+l+1)
i=2 i

j=k+2 i=k+2

oo
<Ck™ TV S a1+ it )

i=k+2
_ _ (1+l +] )r+l/2
< Ck @r,=1) ’
:%2 (2i+1)
so that
oo //a )2
=2 “k+i,j
2k+1)Z 2]+1)
/2
(3.15) o L+ i% 4 )0
< Ck ‘ZZ
== (21+ )(2j+ 1)
-2 -2 1/2
< CKT M1 10,0 = CK 2 lg 07

provided r =r, + 4 > 1. (3.13)—(3.15) show that for r > 1,
k —(r=1/2
I7 = %lo,o < Ck e, g
A similar argument may be used to bound ||z, — r';llo, o- We have therefore
proven

Lemma 3.1. Let € (H'(Q))’, r> 1. Let I, % = (1}, 1) € S} (Q) be defined
by (3.5)(3.8). Then

N 1. —(r=1/2) ),
(3.16) 12— lly o < Ck~" )2, o,
where C is a constant independent of k and % but depending on r.

In order to prove a corresponding estimate for l'IllV (in both 4, and pj ),
we need the following lemma.

Lemma 3.2. Let ¥ € (H'(Q))* and © € (H'(K))*, r >0, be related by (2.18).
Then

(3.17) inf ||t—al, ,<CATED

WDEPXP, rQ = Il x>

where C depends on r but is independent of h, , k and t.
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Proof. The above lemma is simply a vector form of Lemma 4.4 proved in [5].
The proof follows identically, using the scaling result (2.21) and Theorem 3.1.2
of [10]. O

. . 1
We now prove our main estimates for IT, .

Theorem 3.1. Let € (H' (Q))*, r> 1. Let T : S — S\, be as defined in §2.
Then
(3.18) It = My lly o < Chy "0 "p g e, o,
where C is a constant independent of h, , p,, and t but depends upon r.
Moreover, if divt € H' (Q), then
1 — .
(3.19) It = Myels < Chypy (Il o + 1 divell, o),
where p, =min(py +1,r) and B, =r—1.
Proof. Let K C T),. Then we have by (2.37), forany @ € P, x P,
N 1. . . .
T - Herllo,Q =[(t - @) - HpN(T - w)”o,Q

(3.20) .
< Cp;(r—1/2)h?m(p,v+l ,r) “T“

r,K?

where we have used Lemmas 3.1 and 3.2. Using (3.20) with (2.22) then gives
r—1/2 in 1,r

(3.21) It =Tyl x < Cox " PRg" e,

Squaring (3.21), summing over all K € T, and noting that hK < hy, vyields
(3.18).
To obtain (3.19), we note that by (2.28),

(3.22) || divt — div(I'III\,r)HO,Q =] divt — P]i,(div Dlo.q -
Using Theorem 2.2 gives
(3.23) || divt — d1v(HNr)“0 o< Ch”‘pN’]] divz|], g -

Combining (3.23) with (3.18) gives (3.19). O

3.2. The Brezzi-Douglas-Marini elements. Let T = (7,, 7,) € H(div, Q) be
given by

(3.24) T, =3 Y. a;L@EL,m, n=1,2.
j=0 i=0

Then 1'1,2(% = (1]1‘ , T ) € SZ(Q) (defined by (2.14)) may be written in the form
(3.25) 1= 2 b LOL) + by oLy O Lo(n)

0<1+j<k

— by ki Ly (f)Lk(n),
(3.26) = SN B LEL (M) — by oL (O)L (1)

0<1+j<k

+ bcz),k+1Lo(§)Lk+1(’7) >
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where . .
leading coefficientof L, | 2k + 1

leading coefficient of L, =~ k +1

Ck =
satisfies 1 < ¢, < 2. Using (2.33)-(2.34), we see that (‘L'll( , r’z‘) satisfies

(3.27) [ [Q (t —1)$(E, mdEdn =0, $eP,_,(Q),

together with conditions (3.7)-(3.8). By the orthogonality of Legendre polyno-
mials, we obtain from (3.27)

(3.28) b =a;;, 0<i+j<k-2,n=1,2.

ij
Next, taking {(n) = L,(n), the conditions (3.7) on the sides ¢ = 1 give

k—1 =
(329) S buL(x1) =Y ayL(x1) forl=1,2,...,k-1,
i=0 i=0
(3.30) Zb,OL (D) +b,,, oLy, (= Za,OL +1) for/=0,
i=0

(331) by Lo(x1) — ¢ by o Li(21) =Y a, L(£1) forl=k.
i=0

Using (3.28) with n = 1, and the fact that L(1) = 1, L(-1) = (=1)",
(3.29)-(3.31) give respectively

(e 0]
n 1 1 n 1
(3.32) k -1, = Z A—i—1+i,1> bk—I,I=Z Ue—t1i, 1

I=1,2,..., k-1,

(e o] (e o]
1 | n 1
(3.33) be 10t bisi 0= Wihio0 Z Qeyi0
i=0 i=0
1 > "1 2 1
(3.34) b =D "ays by = a a4y .
i=0 i=1

Similarly, the conditions on the sides n = £1 give

o0
" 2 2 "n 2
(3.35) 1k -1= Z A k—1-14j> bixoi= A k—1+4j>

I=1,2,..., k-1,

oo

_ "n 2

- Z A0, k+)°
j=

o0

> 1 '

1
(3.37) Z Ajo b1 0= T

Jj=0

0
2
akj.

oo
2 2 " 2 2
(3.36) bo k1 + 04 k41 = Z B0, k=1+)> bo
k

Jj=1
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The only unknowns not explicitly solved in the above equations are b,i_l o and
bg _k_1 - These are given by

o0
1 n o1
bk—1,0= E: ak—l+i,0+ Z akJ’

i=0
(3.38) - e
2 " 2 11
by j—1 = Z Ay k14 T QZ A -
=0 =1

We now use (3.28), (3.32)-(3.38) to estimate the error |7, — r'l‘llo,Q. Let
b,lj = 0 for those not explicitly specified above. Then we have

gl = ply?
= b))
k2 1 2
A=t -7lly o= ZZ 2,+U ZJU+ 0 (where by = —c, by ;)
Jj=0 i= 0
1)2 4(a), ! bl)2

639 =S g e neID T, 22 GrEheieD

l+j>k+l k—1<i+j<k+1
celyyo vy e L
i+j>k— 1(21 + 1 (2‘] + 1) k— 1<l+j<k+l(21 + 1 (2‘] + )
Now for r >0,
> (a}))’ CZZ a1+t
1 2r
(3.40) z+j2k—l(2l +1)(2j+1 s 1(21 +1 (2] +1) k
kz,llf I7 0< kz,llfll, o
Also, we know from (3.32)—(3.38) that for i+, >k -1,
1 > 1 > 2
(3.41) b1 <D lag |+ Cy Y layl
=1 I=1

where
CU.=1 for (i,j)=(k—-1,0)0r (k+1,0),

=0 otherwise.
Now for r, > 1/2 (since i+j>k—1),

<Z|a,lj|) < Za,J V(141745 Z(1+12+j2)"*
I=i

I=i
(a[j (1 +12 )I’l+l/2
er.—l Z @l + 1)

(3.42)

Similarly,

oo

c @)’ (1 +k* + I
(3.43) (Z | k[l) kzr‘_l ; kI (2[+ )

)r 172
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Hence, we see that by (3.41)-(3.43),

b1)2
i l(21 )(2j+ 1)
kl (bkljj)z Z kljj2
= (2k 2j—-1)(2j+1) (2j+1)
(3.44) $5 @) e o py?
szn—l == QI+ 1)(2j+1)

i a2 (1 + k>4 1)
LTI kT )

< F”f”ng,

where r=rl+%> 1.
The term "
D) DRI
k<i+j<k+1 (2l + 1 2'] + )

may be bounded similarly to (3.44). Hence, by (3.39), (3.40), (3.44) we obtain
for r>1,

k2 Cc .
(3'45) ”T1 - Tl ”O,Q < W”T”r,g .

The term ||z, — r'z‘ll(z) o can be treated the same way, leading to the following
lemma.

Lemma 33. Let i € (H'(Q))*, r>1. Let L% = (7}, 1) € S{(Q) be defined
by (3.27), (3.7)=(3.8). Then

(3.46) It -T2, , < Ck V)i

where C is a constant independent of k , %.

r,Q°

Lemma 3.3 then yields the following theorem, which can be proved the same
way as Theorem 3.1.

Theorem 3.2. Let € (H'(Q))*, r>1. Let Il : S — 83, be as defined in §2.
Then

2 min(py+1,r) —(r—1)
(3.47) It —Mytlly o < Chy " Py Ill, o>

where C is a constant independent of hy,, p, and t but depends upon r.
Moreover, if divt € H' (Q), then

(3.48) It = atllg < DY (1Tl o + I divel, o),

where p, =min(p,,r) and B, =r—1.
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4. STABILITY AND CONVERGENCE RESULTS

In this section, we examine the dependence of the stability constant a(N) =
alhy, py) in(2.8) on h, and p, , when the RT and the BDM spaces are used.
We also use Theorems 2.1, 3.1 and 3.2 to derive error estimates for the mixed
method defined by (2.5)-(2.6).

We first examine the question of stability.

Theorem 4.1. The spaces {V,f, , S;\,} , i =1,2, satisfy condition (2.8) of Theo-
rem 2.1 with the stability constant o;(N) = o;(hy, py) being given by

(4.1) a,(N)>C,, for RT spaces,

(4.2) a,(N) >

3
——=——  for BDM spaces,
14+ Chypy f p

where C;, i =1, 2,3, are constants independent of hy,, p, , and ¢ >0 may
be chosen to be arbitrarily small.

Proof. Let vy € V,f,. In order to establish (2.8), it is sufficient to find 7, € Sziv
such that

(4.3) divty = vy,

1
(4-4) ”TN“S < WHUN”V .

We first solve the following elliptic problem on Q:
Au=v, inQ, u=0 ondQ.

Let 7 =gradu. Then we have

(4.5) divt=wv, .

Moreover, since ) is convex, there exists a 0 < g, < % such that the following
shift theorem holds:

(4.6) Itllss.0 < Cllvyll, o forall0<e<e,.
(Note that vy, € V]f, C H'(Q) forany 0<s < 1.) Wenow take
(4.7) Ty =TT,

Then, since divt € V]f} , (4.3) follows by (2.38). Moreover,

i
”TN“0,Q < ”T”o,g + It - HNTHO,Q

l+e —(l+e—y,)
S”T”LQ'*'ChN Py ”T”Hs,gs

where y, =1, y,=1 and 0 <e <¢,, by (3.18), (3.47). This gives, by (4.6),

l+e —(l+e—y,)
ltallo @ Szl o+ Chy Py oyl o

l+e —(146—7), —¢ 2
<C(1+ Cth+8PN( e y')hNBp;)”lelo,Q’

(4.8)
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where we have used Lemma 2.3 (with ¢ small enough). Since [divzyll, o =
lvnllg, g (4.8) shows that (4.4) holds with

1 —(1/2—¢) -1
Ny < C(1+ Cyhypy 7)< €[ forRT,

Q

p—

1

&
o) S CUL+ Cohyp})  for BDM.

The assertions (4.1)-(4.2) follow immediately. O

We see, therefore, that the RT spaces are stable. For the BDM spaces, (4.2)
guarantees stability up to an arbitrarily small power p;8 . (Obviously, if A prv
remains bounded, then in (4.2) we obtain a,(N) > C.) We may now apply
Theorem 2.1 and obtain the following rates of convergence, using the approxi-
mation estimates in Theorems 2.2, 3.1 and 3.2.

Corollary 4.1. Let u be the solution of (2.1), with ¢ = gradu, so that (u, o) €

VxS satisfy (2.3)-(2.4). Let (u}\, , a}\,) € V; ><S]lv be the finite element solutions
corresponding to the RT spaces. Then there exists a constant C independent of
hy, Dy, U Such that for r > 1,

1 .
(4.9) lolls + lunll, < Clllully + llolly + 1l divall}

1 1 min(p,+1,r) —(r—1/2) .
(4.10) o —aylls+llu—uyll, < Chy™™"""py {llull,+loll,+dival,}.

Corollary 4.2. Let (u, o) be as in Corollary 4.1 and (ui, , a,z\,) € VAZ, ><SlzV be the
finite element solutions corresponding to the BDM spaces. Then there exists a
constant C independent of h, , py and u such that for any € >0, for r > 1,

2 2 .
(4.11) loylls + iyl < Copdllully + llolly + I divally},

2 2
llo — a]v”s + [lu — uN”V

(4.12) min(p, ,r) _—(r—1—¢) .
< Chy Py {llull, + lloll, + [ dival],} .

The above estimates are optimal in 4, but not in p, . We now show how
they can be improved in terms of p, to give optimal estimates (up to an arbi-
trary € > 0). The argument used was first introduced in [8].

We first require the following interpolation result.

Lemma 4.1. For any r > 0, let X" = H'(Q) x Y', where Y denotes the
completion of (Cy° (Q))2 Sunctions under the following norm:

2 2 2
lelly = llell, + Il diva]], .

Letfor q=r +0(ry—r), r,>r,20,0<6<1, XY denote the interpolation
space [X", X '2]0 using the K-method of interpolation (see [13]). Then

(4.13) X?=x1.
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Proof. We first show that

(4.14) Y'=v",

where Y7 =[Y", Y"],. We note that for i =1, 2, Y" may be defined as
{o|oeH(Q), 00 € H'(Q)},

where 8 = div e Z((H'(Q))*, H™'(Q)) for any r > 0. Moreover, as shown

below, there exists an operator & which belongs to .Z(H'~'(Q), (H'(Q))z)
for all r > 0 such that

(4.15) 0Fx=x VxeH Q).

Hence, Theorem 14.3 of [13] allows us to interpolate between spaces Y'* and
obtain (4.14). Then (4.13) follows easily by a standard result on the interpola-
tion of products of spaces (equation (6.42), Chapter 2 of [13]).

To define the operator & , we first let ¥ denote an extension of y € H'™(Q)
(r>0) to R’ such that

(4-16) ”Z”H’—’(RZ) < C”X”H"’(g)
(The details of this extension may be found, for example, in [16].) Next, let w
satisfy Aw = Y on R’ such that the shift theorem holds. Taking
Zx =gradwlg,
we see that (4.15) holds, and

”gradw”(H'(RZ))Z < C”i”H'—‘(RZ) < C”X”H'“'(g)
by (4.16) and

||?x||(H,(Q))z = || grad W|g|| yr(q)2 < llgrad Wl| g2y

for any r >0, so that £ € Z((H'(Q))*, H™'(Q)) as required. O
We now prove the following theorem.

Theorem 4.2. Let u be the solution of (2.1) with ¢ = gradu, so that (u, o) €
VxS satisfy (2.3)-(2.4). Let (u}\,, a]i,) € V,\1,><S11V be the finite element solutions
corresponding to the RT spaces. Then, given any ¢ > 0, k > 0, there exists a
constant C independent of hy, p,, u but depending upon & and k such that

1 1 min(py+1,k) —(k—¢) .
(4.17) |lo—ayllg+lu—uyll, < Chy " "oy “{llull, +loll, +IIdivall,} .
Proof. We first use (4.9) to obtain the estimate

min(py+1, 0) 0

(4.18) lo — O'N||S+ lu — uN||V < Chy wll, )y,

where X' is as defined in Lemma 4.1. Next, given ¢ > 0, k > 0, choose r in
Corollary 4.1 such that r > k/2¢. Then (4.10) states that

< Chmm(pN+l r)p—(r 1/2)

(4.19) lo = oylls+llu—uyll, < (e, @)l -
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We now interpolate between (4.18) and (4.19) with 6§ = k/r so that 0 < 6/2 <
¢. This gives
1 1 in(py+1,0r) —(6r—6/2
lo = aylls + llu = uyll, < CHR™ P p L0 D), o)),
< Chy™ P p 0w, o)y

where we have used Lemma 4.1. This proves the theorem. O

Remark 4.1. Although the constant C in (4.17) depends on ¢, Theorem 4.2
asserts that if one chooses any positive ¢, no matter how small, and fixes it, then
one can find a constant C such that (4.17) holds. Hence the rate of convergence
in p, is optimal up to any arbitrarily small ¢ > 0.

We can obtain a theorem similar to this for the BDM spaces. The proof is
essentially the same, except that » must now satisfy r > k/e.

Theorem 4.3. Let (u, o) be as in Theorem 4.2. Let (ufV , af,) € V,\z, X SIZV be the
finite element solutions corresponding to the BDM spaces. Then given any € > 0,
k > 0, there exists a constant C independent of hy,, p, , u but depending upon
¢ and k such that

2 2 in(p, , k) _—(k—e) .
(4.20) |lo —oylls+ llu— uyll, < Chy ™ Fp " llull, +lloll, + I divell,} -

Remark 4.2. Theorems 4.2 and 4.3 can now be used to give an estimate for the
asymptotic rate of convergence when 4 and p are changed either separately
or together. It may be observed, for example, that using the A-version with

py > 1 changes not only the exponent of 4, but can also lead to a substantial

decrease in the “constant” which decays asymptotically like Cp;(k_s) .
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